A covariant functor from the category of mapping tori to a category of AF -algebras is constructed; the functor takes continuous maps between such manifolds to stable homomorphisms between the corresponding AF -algebras. We use this functor to develop an obstruction theory for the torus bundles of dimension 2, 3 and 4.
Introduction
This paper studies applications of operator algebras in topology; the operator algebras in question are the so-called AF -algebras and the topological spaces are certain mapping tori, i.e. circle bundles with a fiber M and monodromy ϕ : M → M. Recall that a very fruitful approach to topology consists in construction of maps (functors) from the topological spaces to certain algebraic objects, so that continuous maps between the spaces become homomorphisms of the corresponding algebraic entities. The functors usually take value in the finitely generated groups (abelian or not) and, therefore, reduce topology to a simpler algebraic problem. The rings of operators on a Hilbert space are neither finitely generated nor commutative and, at the first glance, if ever such a reduction exists, it will not simplify the problem. Yet it is not so:
we define an operator algebra, the so-called fundamental AF -algebra, which yields a set of simple obstructions (invariants) to existence of continuous maps in a class of manifolds fibering over the circle. One obstruction turns out to be the Galois group of the fundamental AF -algebra; this invariant dramatically simplifies for a class of the so-called tight torus bundles, so that topology boils down to a division test for a finite set of natural numbers.
A. AF -algebras ( [Bratteli 1972 ] [4] ). The C * -algebra A is an algebra over the complex numbers C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. Any commutative C * -algebra A is isomorphic to the C * -algebra C 0 (X) of continuous complex-valued functions on a locally compact Hausdorff space X vanishing at the infinity; the algebras which are not commutative are deemed as noncommutative topological spaces. A stable homomorphism A → A ′ is defined as the (usual) homomorphism A ⊗ K → A ′ ⊗ K, where K is the C * -algebra of compact operators on a Hilbert space; such a homomorphism corresponds to a continuous map between the noncommutative spaces A and A ′ . The matrix algebra M n (C) is an example of noncommutative finite-dimensional C * -algebra; a natural generalization are approximately finite-dimensional (AF -) algebras, which are given by an ascending sequence M 1 If the homomorphisms ϕ 1 = ϕ 2 = . . . = Const, the AF -algebra is called stationary; its Bratteli diagram looks like an infinite graph with the incidence matrix B = (b rs ) repeated over and over again.
B. AF -algebra of measured foliation. Let M be a compact manifold of dimension m and F a codimension k measured foliation of M; it is known that F is tangent to the hyperplane ω(p) = 0 at each point p ∈ M, where ω ∈ H k (M; R) is a closed k-form, see e.g. [Plante 1975 ] [8] . Denote by λ i > 0 the periods of ω against a basis in the homology group H k (M) and consider the vector θ = (θ 1 , . . . , θ n−1 ), where θ i = λ i+1 /λ 1 and n = rank H k (M). Let lim i→∞ B i be the Jacobi-Perron continued fraction convergent to the vector (1, θ); here B i ∈ GL n (Z) are the non-negative matrices with det (B i ) = 1 [Bernstein 1971 
Let M be a category of the mapping tori of all Anosov's diffeomorphisms; the arrows of M are continuous maps between the mapping tori. Likewise, let A be a category of all fundamental AF -algebras; the arrows of A are stable homomorphisms between the fundamental AF -algebras. By F : M → A we understand a map given by the formula M ϕ → A ϕ , where M ϕ ∈ M and A ϕ ∈ A. Our main result can be stated as follows.
Theorem 1
The map F is a functor, which sends each continuous map N ψ → M ϕ to a stable homomorphism A ψ → A ϕ of the corresponding fundamental AF -algebras.
D. Applications. Theorem 1 has a natural application, since stable homomorphisms of the fundamental AF -algebras are easier to detect, than continuous maps between manifolds N ψ and M ϕ ; such homomorphisms are in bijection with the inclusions of certain Z-modules lying in a (real) algebraic number field. Often it is possible to prove, that no inclusion is possible and, thus, draw a topological conclusion about the maps (an obstruction theory). Namely, since A ψ is stationary, it has a constant incidence matrix B; the splitting field of the polynomial det (B − xI) we denote by K ψ and call Gal (K ψ |Q) the Galois group of the algebra A ψ . Suppose that h : A ψ → A ϕ is a stable homomorphism; since the corresponding invariant foliations F ψ and F ϕ are induced, their Plante groups are included P (F ϕ ) ⊆ P (F ψ ) and, therefore, Q(λ B ′ ) ⊆ K ψ , where λ B ′ is the Perron-Frobenius eigenvalue of the matrix B ′ attached to A ϕ . Thus, stable homomorphisms are in bijection with subfields of the algebraic number field K ψ ; their classification achieves perfection in terms of the Galois theory, since the subfields are in a one-toone correspondence with the subgroups of Gal (A ψ ) [Morandi 1996 ] [7] . In particular, when Gal (A ψ ) is simple, there are only trivial stable homomorphisms; thus, the structure of Gal (A ψ ) is an obstruction (an invariant) to existence of a continuous map between the manifolds N ψ and M ϕ . Is our invariant effective? The answer is positive for a class of the so-called tight torus bundles; in this case N ψ is given by a monodromy matrix, which is similar to the matrix B. The obstruction theory for the tight torus bundles of any dimension can be completely determined; it reduces to a divisibility test for a finite set of natural numbers. For the sake of clarity, the test is done in dimension m = 2, 3 and 4 and followed by the numerical examples.
Remark 1 Notice that for the tight torus bundles (see Section 3.2) our results can be proved using the theory of hyperbolic diffeomorphism ψ : T m → T m alone; however, our approach seems to be more general leading to the essentially new topological invariants. 1 Preliminaries
Contents

Measured foliations
By a q-dimensional, class C r foliation of an m-dimensional manifold M one understands a decomposition of M into a union of disjoint connected subsets {L α } α∈A , called the leaves [Lawson 1974 ] [6] . They must satisfy the following property: each point in M has a neighborhood U and a system of local class C r coordinates x = (x 1 , . . . , x m ) : U → R m such that for each leaf L α , the components of U ∩L α are described by the equations x q+1 = Const, . . . , x m = Const. Such a foliation is denoted by F = {L α } α∈A . The number k = m − q is called the codimension of the foliation. An example of a codimension k foliation F is given by a closed k-form ω on M: the leaves of F are tangent to the hyperplane ω(p) = 0 at each point p of M. The C r -foliations F 0 and F 1 of codimension k are said to be C s -conjugate (0 ≤ s ≤ r), if there exists an (orientation-preserving) diffeomorphism of M, of class C s , which maps the leaves of F 0 onto the leaves of F 1 ; when s = 0, F 0 and 
We shall call F an induced foliation. When f is a submersion, it is transverse to any foliation of M; in this case, the induced foliation F is correctly defined for all F ′ on M [Lawson 1974 ] [6] , p.373. Notice, that for M = N the above definition corresponds to topologically conjugate foliations F and F ′ . To introduce measured foliations, denote by P and Q two k-dimensional submanifolds of M, which are everywhere transverse to a foliation F of codimension k. Consider a collection of C r homeomorphisms between subsets of P and Q induced by a return map along the leaves of F . The collection of all such homeomorphisms between subsets of all possible pairs of transverse manifolds generates a holonomy pseudogroup of F under composition of the homeomorphisms [Plante 1975 ] [8] , p.329. A foliation F is said to have measure preserving holonomy, if its holonomy pseudogroup has a non-trivial invariant measure, which is finite on compact sets; for brevity, we call F a measured foliation. An example of measured foliation is a foliation, determined by the closed k-form ω; the restriction of ω to a transverse kdimensional manifold determines a volume element, which gives a positive invariant measure on open sets. Each measured foliation F defines an element of the cohomology group H k (M; R) [Plante 1975 ] [8] ; in the case of F given by a closed k-form ω, such an element coincides with the de Rham cohomology class of ω, ibid. In view of the isomorphism
, foliation F defines a linear map h from the k-th homology group H k (M) to R; by the Plante group P (F ) we shall understand a finitely generated abelian subgroup h(H k (M)/T ors) of the real line R. If {γ i } is a basis of the homology group H k (M), then the periods λ i = γ i ω are generators of the group P (F ) [Plante 1975 ] [8] .
AF -algebra of measured foliation
Let λ = (λ 1 , . . . , λ n ) be a basis of the Plante group P (F ) of a measured foliation F , such that λ i > 0. Take a vector θ = (θ 1 , . . . , θ n−1 ) with θ i = λ i+1 /λ 1 ; the Jacobi-Perron continued fraction of vector (1, θ) (or, projective class of vector λ) is given by the formula ( [Bernstein 1971 ] [3] , p.13):
where
T is a vector of non-negative integers, I the unit matrix and I = (0, . . . , 0, 1)
T ; the b i are obtained from θ by the Euclidean algorithm, see [Bernstein 1971 ] [3] , pp.2-3 for details. An AF -algebra given by the Bratteli diagram with the incidence matrices B i (and unital homomorphisms M i → M i+1 ) will be called associated to the foliation F ; we shall denote such an algebra by A F . Taking another basis of the Plante group P (F ) gives an AF -algebra which is stably isomorphic to A F ; this is an algebraic recast of the main property of the Jacobi-Perron fractions. It is known, that the Bratteli diagram defines the AF -algebra up to an isomorphism [Bratteli 1972 ] [4] ; by A F we mean the isomorphism class. Note, that if F ′ is a measured foliation on a manifold M and f : N → M is a submersion, the induced foliation F on N is a measured foliation. We shall denote by MFol the category of all manifolds with measured foliations (of fixed codimension), whose arrows are submersions of the manifolds; by M 0 F ol we understand a subcategory of MFol, consisting of manifolds, whose foliations have a unique transverse measure. Let Rng be the category of the (isomorphism classes of) AF -algebras given by convergent Jacobi-Perron fractions (1) , so that the arrows of Rng are the stable homomorphisms of the AF -algebras. By F we denote a map between M 0 F ol and Rng given by the formula F → A F . Notice, that F is correctly defined, since foliations with the unique measure have the convergent Jacobi-Perron fractions; this assertion follows from [Bauer 1996 ] [2] .
Lemma 1 The map F : M 0 F ol −→ Rng is a functor, which sends any pair of induced foliations to a pair of stably homomorphic AF -algebras.
Fundamental AF -algebras
Let M be an m-dimensional manifold and ϕ : M → M a diffeomorphisms of M; recall, that an orbit of point x ∈ M is the subset {ϕ n (x) | n ∈ Z} of M. 
the following condition is satisfied: there exists a splitting of the tangent bundle T (M) into a continuous Whitney sum [9] , p.760), which is invariant under the action of diffeomorphism ϕ on its leaves, i.e. ϕ moves leaves of F to the leaves of F . The holonomy of F preserves the Lebesgue measure and, therefore, F is a measured foliation; we shall call it an invariant measured foliation and denote by F ϕ . The AFalgebra of foliation F is called fundamental, when F = F ϕ , where ϕ is an Anosov diffeomorphism; the following is a basic property of such algebras.
Lemma 2 Any fundamental AF -algebra is stationary.
Proofs 2.1 Proof of lemma 1
Let F ′ be a measured foliation on M, given by a closed form ω ′ ∈ H k (M; R); let F be the measured foliation on N, induced by a submersion f : N → M. Roughly speaking, we have to prove, that diagram in Fig.1 is commutative; the proof amounts to the fact, that the periods of form ω ′ are contained among the periods of form ω ∈ H k (N; R) corresponding to the foliation F . The map f defines a homomorphism f * :
th homology groups; let {e i } and {e
, we shall denote by [e i ] := e i + ker (f * ) a coset representative of e i ; these can be identified with the elements e i ∈ ker (f * ). The integral e i ω defines a scalar product H k (N) × H k (N; R) → R, so that f * is a linear self-adjoint operator; thus, we can write:
where P (F ) is the Plante group (the group of periods) of foliation F . Since λ F ) and the corresponding Plante groups are included:
, since the inclusion of the Plante groups corresponds to the composition of homomorphisms; lemma 1 is proved.
Proof of lemma 2
Let ϕ : M → M be an Anosov diffeomorphism; we proceed by showing, that the invariant foliation F ϕ is given by the form ω ∈ H k (M; R), which is an eigenvector of the linear map [ϕ] :
induced by ϕ. Indeed, let 0 < c < 1 be the contracting constant of the stable subbundle E s of diffeomorphism ϕ and Ω the corresponding volume element; by definition, ϕ(Ω) = cΩ. Note, that Ω is given by restriction of the form ω to a k-dimensional manifold, transverse to the leaves of F ϕ . The leaves of F ϕ are fixed by ϕ and, therefore, ϕ(Ω) is given by a multiple cω of form ω. Since ω ∈ H k (M; R) is a vector, whose coordinates define F ϕ up to a scalar, we conclude, that [ϕ](ω) = cω, i.e. ω is an eigenvector of the linear map [ϕ] . Let (λ 1 , . . . , λ n ) be a basis of the Plante group P (F ϕ ), such that λ i > 0. Notice, that ϕ acts on λ i as multiplication by constant c; indeed, since λ i = γ i ω, we have:
where {γ i } is a basis in H k (M). Since ϕ preserves the leaves of F ϕ , one concludes that λ ′ i ∈ P (F ϕ ); therefore, λ ′ j = b ij λ i for a non-negative integer matrix B = (b ij ). According to [Bauer 1996 ] [2] , the matrix B can be written as a finite product:
T is a vector of non-negative integers and I the unit matrix. Let λ = (λ 1 , . . . , λ n ). Consider a purely periodic Jacobi-Perron continued fraction: lim
where I = (0, . . . , 0, 1) T ; by a basic property of such fractions, it converges to an eigenvector λ ′ = (λ 
where θ = (θ 1 , . . . , θ n−1 ) and θ i = λ i+1 /λ 1 . Since vector (1, θ) unfolds into a periodic Jacobi-Perron continued fraction, we conclude, that the AF -algebra A ϕ is stationary. Lemma 2 is proved.
Proof of theorem 1
Let ψ : N → N and ϕ : M → M be a pair of Anosov diffeomorphisms; denote by (N, F ψ ) and (M, F ϕ ) the corresponding invariant foliations of manifolds N and M, respectively. In view of lemma 1, it is sufficient to prove, that the diagram in Fig.2 is commutative. We shall split the proof in a series of lemmas. 
Lemma 3 There exists a continuous map
From the diagram in Fig.3 , we get:
The necessary condition of lemma 3 follows.
(ii) Suppose, that f : N → M is a submersion, such that f • ϕ = ψ • f ; we have to construct a continuous map h :
We shall identify the points of N ψ and M ϕ using the substitution y = f (x); it remains to verify, that such an identification will satisfy the gluing condition y ∼ ϕ(y). In view of condition f • ϕ = ψ • f , we have:
Thus, y ∼ ϕ(y) and, therefore, the map h : N ψ → M ϕ is continuous. The sufficient condition of lemma 3 is proved. [
where 0 < c 1 < 1 and 0 < c 2 < 1. Consider a diagram in Fig.4 
Therefore, vector [f ](ω ψ ) is an eigenvector of the linear map [ϕ] ; let compare it with the eigenvector ω ϕ : To finish our proof of theorem 1, let N ψ → M ϕ be a continuous map; by lemma 3, there exists a submersion f : N → M, such that f • ϕ = ψ • f . Lemma 4 says that in this case the invariant measured foliations (N, F ψ ) and (M, F ϕ ) are induced. On the other hand, from lemma 2 we know, that the Jacobi-Perron continued fraction connected to foliations F ψ and F ϕ is periodic and, hence, convergent [Bernstein 1971 ] [3] ; therefore, one can apply lemma 1, which says that the AF -algebra A ψ is stably homomorphic to the AF -algebra A ϕ . The latter are, by definition, the fundamental AF -algebras of the Anosov diffeomorphisms ψ and ϕ, respectively. Theorem 1 is proved.
3 Applications of theorem 1
Galois group of the fundamental AF -algebra
Let A ψ be a fundamental AF -algebra and B its primitive incidence matrix, i.e. B is not a power of some positive integer matrix. Suppose that the characteristic polynomial of B is irreducible and let K ψ be its splitting field; then K ψ is a Galois extension of Q. We call Gal (A ψ ) := Gal (K ψ |Q) the Galois group of the fundamental AF -algebra A ψ ; such a group is determined by the AF -algebra A ψ . The second algebraic field is connected to the PerronFrobenius eigenvalue λ B of the matrix B; we shall denote this field Q(λ B ). Note, that Q(λ B ) ⊆ K ψ and Q(λ B ) is not, in general, a Galois extension of Q; the obstacle are complex roots of the polynomial char (B) and if there are no such roots then Q(λ B ) = K ψ , see e.g. [Morandi 1996 ] [7] . There is still a group Aut (Q(λ B )) of automorphisms of Q(λ B ) fixing the field Q and Aut (Q(λ B )) ⊆ Gal (K ψ ) is a subgroup inclusion.
′ is the matrix associated to ϕ.
Proof. Notice, that the non-negative matrix B becomes strictly positive, when a proper power of it is taken; we always assume B positive. Let λ = (λ 1 , . . . , λ n ) be a basis of the Plante group P (F ψ ). Following the proof of lemma 2, one concludes that λ i ∈ K ψ ; indeed, λ B ∈ K ψ is the PerronFrobenius eigenvalue of B , while λ the corresponding eigenvector. The latter can be scaled so, that λ i ∈ K ψ . Any stable homomorphism h :
Proof. The (Galois) subfields of the Galois field K ψ are bijective with the (normal) subgroups of the group Gal (K ψ ) [Morandi 1996 ] [7] .
Tight torus bundles
Let T m ∼ = R m /Z m be an m-dimensional torus; let ψ 0 be a m×m integer matrix with det (ψ 0 ) = 1, such that it is similar to a positive matrix. The matrix ψ 0 defines a linear transformation of R m , which preserves the lattice L ∼ = Z m of points with integer coordinates. There is an induced diffeomorphism ψ of the quotient
has a fixed point p corresponding to the origin of R m . Suppose that ψ 0 is hyperbolic, i.e. there are no eigenvalues of ψ 0 at the unit circle; then p is a hyperbolic fixed point of ψ and the stable manifold W s (p) is the image of the corresponding eigenspace of ψ 0 under the projection R m → T m . If codim W s (p) = 1, the hyperbolic linear transformation ψ 0 (and the diffeomorphism ψ) will be called tight.
Lemma 6
The tight hyperbolic matrix ψ 0 is similar to the matrix B of the fundamental AF -algebra A ψ .
is the universal cover for T m , where the eigenspace W u (p) of ψ 0 is the span of the eigenform ω ψ . On the other hand, from the proof of lemma 2 we know that the Plante group P (F ψ ) is generated by the coordinates of vector ω ψ ; the matrix B is nothing but the matrix ψ 0 written in a new basis of P (F ψ ). Each change of basis in the Z-module P (F ψ ) is given by an integer invertible matrix S; therefore, B = S −1 ψ 0 S. Lemma 6 follows. Are there robust bundles? It is shown in this section, that for m = 2, 3 and 4 there are infinitely many robust torus bundles; a reasonable guess is that it is true in any dimension. be tight and such, that char (ψ 0 (a, b, c)) = x 4 +ax 3 +bx 2 +cx+1 is irreducible and one of the following holds: (i) L = Q; (ii) r(x) has a unique root t ∈ Q and h(x) = (x 2 −tx+1)[x 2 +ax+(b−t)] splits over L; (iii) r(x) has a unique root t ∈ Q and h(x) does not split over L. Then T 
where a, c ∈ Z. The associated cubic becomes r(x) = x[x 2 −(a 2 +c 2 )x+4(ac− 1)], so that t = 0 is a rational root; then h(x) = (x 2 +1)[x 2 +2ax+a 2 +c 2 ]. The matrix ψ 0 (a, c) satisfies one of the conditions (i)-(iii) of corollary 4 for each a, c ∈ Z; it remains to eliminate the (non-generic) matrices, which are not tight or irreducible. Thus, ψ 0 (a, c) defines a family of topologically distinct robust bundles.
